Abstract-This paper presents a waveform design method using Multi-Tone Sinusoidal Frequency Modulation (MTSFM). The MTSFM waveform's modulation function is represented using a Fourier series expansion. The Fourier coefficients are generated using independent identically distributed (i.i.d) Gaussian random variables which generate a family of constant amplitude FM waveforms possessing continuous pseudo-random modulation functions. The MTSFM waveforms possess a thumbtack-like Ambiguity Function (AF) and low cross-correlation properties with one another while occupying the same band of frequencies. The MTSFM waveforms additionally possesses a lower Peak-toAverage Power Ratio (PAPR) and better Spectral Containment (SC) than other known thumbtack-like waveforms making them well-suited for transmission on radar transmitters which utilize high power amplifiers.
I. INTRODUCTION
S INCE Woodward's seminal work which introduced the Ambiguity Function (AF) [1] , there has been a wealth of research dating back to the 1950's that has focused on the problem of choosing the optimal transmit waveform for a specific radar application. The vast majority of waveform design research since the turn of the century has focused on Noise Radar (NR) and a wide variety of algorithms to generate Phase-Coded (PC) waveforms [2] . NR waveforms whose time-series or their modulation functions are generated from pseudo-random noise and are typically employed for ultra-wideband and Low Probability of Intercept (LPI) applications [3] - [5] . A PC waveforms' pulse length is divided into equal length sub-pulses known as chips. The phases of the individual chips are then assigned different values in a manner that generates a waveform which produces a desired AF shape. There exists nearly an endless combination of random modulation functions and phase codes that can be employed making NR and PC waveforms very verstaile design options.
Aside from designing a waveform with a specified AF shape, there are several practical issues to consider when constructing a new waveform design. Radar transmitters are composed of components which are peak power limited. The peak power limit coupled with a finite duration waveform places a constraint on the amount of energy that can be transmitted into the medium. Therefore, to maximize the transmitted energy, the waveform should possess a nearly constant envelope which results in a low Peak-to-Average Power Ratio (PAPR) [6] . In additiona to the peak power limit, the components of a radar transmitter are also bandlimited. A waveform with energy outside the operational band of the transmitter will have those frequency components greatly attentuated which can introduce AM effects to the transmitted waveform distorting the waveform's intended AF shape. Finally, radar transmitters employ High Power Amplifiers (HPA) which generally operate in saturation. While operating in saturation, the HPA will create intermodulation products which introduces spectral leakage into frequency bands outside the band of operation. The spectral leakage creates mutual interference between systems operating in these nearby bands.
Designing a waveform with both a low PAPR and Spectral Containment (SC) is therefore very desireable from a practical perspective. While FM waveforms naturally meet these design constaints, NR and PC waveforms do not without substantial signal conditioning [7] . NR waveforms generally possess large PAPR relegating them to low power applications [3] . However, work by [4] developed NR waveforms whose modulation functions were Gaussian random processes. The randomness of these waveform's modulation functions provided the same benefits as many other NR waveforms with the added benefit of possessing both a constant amplitude and improved SC. PC waveforms have substantial spectral extent due to the instananeous phase change between chips [6] . This has motivated the development of techniques to improve upon the spectral characteristics of PC waveforms [7] , [8] .
The energy efficiency of FM waveforms has been one of the primary reasons why they've been so widely employed. However, the versatility of NR and PC waveforms introduces a tempting design alternative for the waveform designer if the poor energy efficiency issues surrounding them can either be tolerated or largely mitigated. This raises an intriguing question: does there exist a design method where energy efficient FM waveforms can be synthesized using a set of design parameters that can be tuned to suite a particular application in a manner similar to that of PC waveforms? This paper explores this idea by designing a family of Multi-Tone Sinusoidal FM (MTSFM) waveforms. The MTSFM waveforms' modulation function is a weighted sum of sinusoidal functions expressed as a Fourier series expansion. The Fourier series coefficients act as the tunable set of design parameters which then synthesize the FM waveform designs. The versatility of this design method is demonstrated by designing a collection of waveforms that possess thumbtack-like AFs and are also nearly orthogonal to each other while occupying the same band of frequencies. To achieve this design goal, the Fourier series coefficients are generated using independent identically distributed (i.i.d.) Gaussian random variables resulting in constant amplitude waveforms with continuous and infinitely differentiable pseudo-random modulation functions. These pseudo-random MTSFM waveforms are shown to indeed posses the desired thumbtack-like AF shapes and in-band near orthogonality properties. The primary goal of this paper is to demonstrate that the MTSFM waveform model possesses a design versatility similar to that of NR and PC waveforms while also possessing the desirable low PAPR and spectral containment properties necessary for transmission on practical devices without substantial signal conditioning.
II. TRANSMIT WAVEFORM SIGNAL MODEL AND THE AMBIGUITY FUNCTION
This section describes the waveform signal model and its main measures of performance, the AF, SC, and PAPR. For simplicity, this paper assumes a narrowband monostatic radar system and that the target of interest is a point target undergoing constant velocity motion. The transmit waveform signal s (t) is modeled as a complex analytic signal with pulse length T defined over the interval −T /2 ≤ t ≤ T /2 expressed as
where f c is the carrier frequency, ψ (t) is the instantaneous phase of the waveform, ϕ (t) is the phase modulation function of the waveform, and a (t) is a real-valued and positive amplitude tapering function [9] . Without loss of generality the waveform can be assumed converted to baseband and the carrier term f c neglected unless otherwise specified. The modulation function of the waveform is then expressed as
As mentioned earlier, two important practical measures of a waveform's performance are PAPR and SC. Carson's bandwidth rule gives an approximation of the band of frequencies where roughly 98% of a FM waveform's energy resides. A more accurate quantitative measure of SC which provides a fair means of comparison between waveforms is given below as Φ. The SC measure Φ of a transmit waveform is the ratio of waveform energy in a specific band of frequencies ∆F to the total energy of the waveform across all frequencies expressed as
where the waveform's energy is assumed to be unity. The waveform's PAPR measures the ratio of the peak power of the transmitted waveform (i.e. the real component of the complex analytic waveform) to its average power. However, when dealing with complex basebanded waveforms, the Peak to Mean Envelope Power Ratio (PMEPR) is a reasonable approximation to the PAPR for narrowband waveforms [6] and is defined as the square of the Crest Factor (CF) expressed in dB as
For waveforms with the same duration T , the PMEPR provides a measure of the total energy in the waveform. A low PMEPR translates to a high average power and therefore high total energy. Increasing the PMEPR therefore reduces the total energy of the waveform. An optimal PMEPR would be 0 dB which is achieved using a rectangular amplitude tapering function. Applying an amplitude taper function to either the entire FM waveform or the chips of a PC waveform may improve the SC but will also increase the PMEPR introducing a tradeoff between SC and PMEPR. This signal model assumes a Matched Filter (MF) is used to process target echoes. The narrowband Auto-AF (AAF) measures the response of the MF to its Doppler shifted versions and is defined as [1] 
where ν is the doppler shift expressed as ν = 2ṙ c f c andṙ is the target's range rate and c is the speed of light. When multiple waveforms are simultaneously employed by a radar system, it is useful to analyze the cross-correlation between them. The Cross AF (CAF) measures the response of one waveform's MF to the Doppler shifted echoes of another waveform and is expressed as [9] 
Note that when m = n, the CAF simplifies to the AAF. The particular design parameter of interest is the shape of the magnitude squared of the waveform's AAF |χ (τ, ν) | 2 and CAF |χ m,n (τ, ν) | 2 . Waveforms can be classified into a several broad categories with respect to their AAF/CAF shape [9] . This paper specifically focuses on designing a family of waveforms which possess a thumbtack-like AAF shape. A thumbtack-like AAF shape has a distinct mainlobe centered at the origin whose width in range and Doppler is inversely proportional to the waveform's bandwidth and pulse length respectively. The rest of the thumbtack-like waveform's AAF volume, which is bounded to unity for unit energy waveforms, is spread out evenly in the range Doppler plane resulting in an average sidelobe level that is inversely proportional to the waveform's Time-Bandwidth Product (TBP). Additionally, the family of waveforms should maintain minimum crosscorrelation properties with one another even while occupying the same band of frequencies. This means that the waveform family's CAFs should have its volume, again bounded to unity, spread out evenly in the range-Doppler plane.
III. MULTI-TONE SFM WAVEFORM GENERATION

A. The MTSFM Waveform Model
The MTSFM waveform is created by representing the modulation function (2) as a Fourier Series expansion. This model assumes the modulation function is even-symmetric and therefore only contains cosine harmonics. However, the model can be generalized to include sine and cosine components in a straight forward manner. The modulation function is expressed as
Integrating with respect to time and multiplying by 2π yields the phase modulation function of the waveform expressed as
where β are the waveform's modulation indices expressed as a T .
If the waveform's modulation function is known and is continuous over the interval −T /2 ≤ t ≤ T /2, the Fourier coefficients can be calculated to represent the waveform's modulation function and instantaneous phase. However, the Fourier coefficients may also be initialized to synthesize a new waveform with specifically desired properties. The idea to use the MTSFM model for waveform analysis and synthesis is not new. Work by [10] used a similar model to analyze the Doppler effect on Non-Linear FM (NLFM) waveforms. There have also been many efforts to use the MTSFM model to reduce the Peak Sidelobe Levels (PSL) of the NLFM's Auto Correlation Function (ACF) [11] . Other than the aforementioned work on NLFM design, the author is not aware of any other results in the published literature detailing waveform designs using the MTSFM model.
In this work, the MTSFM waveform Fourier coefficients are generated using i.i.d. Gaussian random variables. The resulting pseudo-random modulation function is a random process that is continuous throughout its duration and therefore infinitely differentiable. These properties in turn reduce the spectral extent of the waveform. Additionally, each new set of random coefficients synthesizes another pseudo-random MTSFM waveform with a constant modulus and a continuous pseudo-random modulation function. The resulting waveforms possess low cross-correlation properties with one another even when they occupy the same band of frequencies. Therefore, the challenge of generating a large number of nearly orthogonal waveforms is straightforward; generate a different set of random coefficients for each waveform modulation function and from there synthesize the FM waveform.
B. An Illustrative Example Figure 1 shows an example X-Band (f c = 10 GHz) MTSFM waveform whose modulation function contains 16 Fourier coefficients. The waveform's pulse length is 10 µs and its swept bandwidth ∆f is 50 MHz resulting in a TBP of 500. The waveform was also tapered in time using a Tukey window [12] with taper parameter 0.05 as an amplitude taper function a (t). Note that the MTSFM's AAF is of a thumbtack-like shape and that the spectrum of the waveform drops off steadily beyond the swept bandwidth. Figure 2 shows the AAF and CAF of two X-Band (f c = 10 GHz) MTSFM waveforms with pulse length 10 µs and swept bandwidth ∆f = 50 MHz. Note that both waveforms possess a thumbtack-like AAF and that their CAFs have their bounded volume spread out evenly over the range-Doppler plane, the intended design goal for these waveforms. It is important to note that these waveforms occupy the same band of frequencies all while achieving these low cross-correlation properties. 
IV. A MTSFM WAVEFORM DESIGN EXAMPLE
The results from Figures 1 and 2 show that the MTSFM waveform appears to meet the originally stated design objectives; possessing a thumbtack-like AF, maintaining low crosscorrelation properties with one another while occupying the same band of frequencies, and keeping the vast majority of its energy confined to the swept-bandwidth. However, only two MTSFM waveforms were compared in the previous section. Additionally, there exist other thumbtack-like waveform designs that would provide a fair comparison against the MTSFM. This section details a set of simulations that more thoroughly evaluate the performance of the MTSFM waveform and compares them to other thumbtack-like waveforms. The simulations generate waveforms for a X-Band (f c = 10 GHz) radar. The waveform pulse length is 10 µs and the swept bandwidth ∆f is 25 MHz. The MTSFM waveform's modulation function possesses 16 Fourier coefficients. In addition to evaluating MTSFM waveforms, these simulations also generate NR and PC waveforms. The NR waveforms possess modulation function dervied from band-limited Gaussian random processes as described in [4] and [5] . The PC waveforms are of the Quad-Phase variety developed by Taylor and Blinchikoff [8] and use pseudo-random phase-codes. The MTSFM and NR waveforms were tapered in amplitude by a Tukey window [12] both with a taper parameter of 0.05. The Quad-Phase waveform possesses a natural amplitude taper which results from the shaping of the individual chips of the waveform. The simulations generated 1000 realizations of each waveform type (i.e MTSFM, NR, and Quad-Phase) and compared several of their performance characteristics to each other.
A. Auto/Cross Correlation Properties of the MTSFM
Thumbtack-like waveforms, as described earlier, possess an AF shape which has a distinct mainlobe centered at the origin with the rest of the bounded AF volume spread out evenly in the range Doppler plane. This evenly distributed volume, also known as the pedastal, possesses an average sidelobe level that is inversely proportional to the waveform's TBP. As such, the average sidelobe level of the waveform's AF can be inferred if the TBP is known meaning the average sidelobe level is not a useful metric when analyzing thumbtack-like waveform performance. A more useful metric is the PSL, which measure the highest sidelobe level relative to the mainlobe height. An analysis of all the waveform's AFs and CAFs showed that generally the higher sidelobes were observed in their zeroDoppler regions (i.e the ACF/CCF of the waveform). Since the PSL of the waveform's ACF and Cross-Correlation Function (CCF) can vary greatly form one waveform to another, the PSL of the ACF and CCF is the main metric used to compare the performance of the evaluated thumbtack-like waveforms. Figure 3 displays histograms of the PSL values and the mean PSL value for the ACFs for each waveform type. The MTSFM's PSLs attained a higher average PSL and are more spread about the mean than the NR and Quad-Phase waveforms. It is also clear from the figure that the QuadPhase waveform generally achieved the lower sidelobes. The mean PSL of the Quad-Phase waveform was 1.2 dB lower than the NR waveform's mean PSL and 2.64 dB lower than the MTSFM's mean PSL. The absolute minimum PSL for the Quad-Phase waveform was -20.76 dB, 0.97 dB and 2.53 dB lower than the absolute minimums of the NR and MTSFM waveform. Additionally, the PSL values for the Quad-Phase waveform are more concentrated around the mean PSL implying that the Quad-Phase waveform on average produced consistently lower PSLs than the other waveform types. 
B. SC Properties of the MTSFM
In addition to AF shape, the SC and PMEPR of the waveform are also substantially important measures of waveform performance. Figure 5 plots histograms of the SC and additionally displays the PMEPR for each waveform type. The SC was calculated for each waveform using (3) with ∆F set to the waveform's swept bandwidth ∆f = 25 MHz. While the SC values vary in every realization of each waveform type, the PMEPR values were the same for each waveform type. This is because the same amplitude tapering was applied to each realization for each waveform type. The Quad-Phase waveform had the lowest (best) PMEPR of 0.04 dB. The MTSF and NR waveforms both possessed a PMEPR of 0.14 dB, a direct result of the same Tukey window design being V. CONCLUSION The MTSFM transmit waveform design method synthesizes constant amplitude FM waveforms whose modulation functions are a weighted sum of sinusoidal functions represented by a Fourier series expansion. The Fourier coefficients are realized using i.i.d. Gaussian random variables that generate a family of waveforms that possess both a thumbtacklike AAF and near orthogonal properties with each other while occupying the same band of frequencies. While some MTSFM waveform's ACF PSL values can be high they are competitive with the NR and Quad-Phase waveforms in CCF PSL, PMEPR, and SC. These results demonstrate the versatility of the MTSFM waveform model in that the Fourier coefficients representing the MTSFM's modulation function can be selected to synthesize a large collection of waveforms with a desired property. This suggests that the MTSFM may lend itself well to the types of optimal design methods used extensively for PC waveforms with the added benefit that the MTSFM waveforms also possess the necessary properties for efficient transmission on practical radar transmitter devices. also like to acknowledge John R. Buck for his insightful conversations that inspired this work.
